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Abstract 

We evaluate five point world-sheet string theory amplitudes of one transverse 
scalar held, two world volume gauge helds ( and two transverse scalars, a gauge 
held) in the presence of a closed string Ramond-Ramond vertex operator in 
its symmetric picture. We carry out all the entire S-matrix elements of hve 
point mixed RR-scalars/gauge helds < C~^4PA~^A^ >, < C~^(j)~^A^A^ >, 

< > and < C~^A~^(l)^(lP > in detail and start comparing all order 

a' contact interactions and singularities in both transverse and world volume 
directions. We explore the presence of various new couplings in string theory 
ehective actions and hud out their all order a' higher derivative corrections in 
both type IIA and IIB. Ultimately we make various remarks for the singularities 
and contact terms whose RR momenta are embedded in transverse directions. 
a' corrections to some of Myers terms are also addressed. 


1 Introduction 


The fundamental objects in string theory or the so called D-branes have been playing a key 
ingredient in various research topics on theoretical high energy physics as well as in super 

string theory II1P10- 

Indeed either a BPS or non-BPS Dp-brane includes {p + l)-dimensional world volume 
fields which must be thought of a hypersurface like in a ten dimensional flat space time. 
We need to take into account some special boundary conditions to them, namely either 
Neumann or Dirichlet, depending on whether we apply those boundary conditions through 
transverse or its world volume fields |1]. Note that recently some remarks for brane-anti 
brane have also been mentioned in [5]. 

To have more complete picture of the effective actions of string theory and what has 
been carried out up to now, we just point out to various papers that are important to the 
author. Myers in [6] did explore the form of a bosonic action which holds for multiple Dp- 
brane conhgurations and the generalization of Myers action with its all order a' corrections 
(using the mixed open-closed scattering amplitudes) has been done in [7] . Having performed 
[7], some new couplings were obtained. These new couplings are not inside Effective field 
theory (EFT) and their importance has played the fundamental role not only in performing 
the ADM reduction of IIB and exploring dS brane world-volume solutions [8] but also 
in deriving entropy of M5 branes. These couplings could have some specific role in 
super gravity solutions as well where the particular emphasis is paid on the near-extremal 
black-branes to actually get to entropy growth analysis [9]. 

A remarkable paper [10] on supersymmetrized version of that action was given. A part of 
the supersymmetric action is known, in fact it involves symmetric traces of the non-abelian 
fields and what needs exploration is further terms which do not belong to the category that 
we are looking for in this paper. Whereas the effective action for a bosonic brane given by 
m and naturally its supersymmetric one was written down by [12]. One could read off 
a review of all the DBI, Wess-Zumino and Chern-Simons action just for BPS branes from 
PI- On the other hand, to reveal more about three standard ways of effective field theory 
of the D-brane action (which contain Taylor expansion-Myers Terms and Pull back), and 
to learn more about all sorts of higher derivative corrections of non-BPS and BPS branes , 
we advise the section Eve of PI- 

It is also important to have some tools to actually deal with the mixed open-closed 
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higher point functions of string amplitudes, where one can refer to some of the pioneer 
works on either effective actions or scattering amplitudes that are involved with several 
Dp-brane conhgurations as well as their string applications [T5] . 


The paper is constructed as follows. In the next section we just introduce vertex op¬ 
erators with all details and notations and then we try to work out Type II super string 
computations with all order a' D-brane S-matrix of a Ramond-Ramond (RR) in symmet¬ 
ric picture, a scalar held in zero picture with two world volume gauge helds on different 
pictures where we try to address the entire S-matrix and explain the whole techniques that 
are involved in that particular amplitude. 0 


Afterwards we start comparing all the contact interactions and singularity structures of 
< > S-matrix in two different pictures in the presence of a symmetric RR vertex 

operator. Basically we compare both all order a' contact interactions and all the singularity 
structures of < C~^(lPA~^> with < C~^(I)~^A^A^ >, where the superscripts refer to the 
chosen picture of each string operator. Although we regenerate all f, s,u,{t + s + u)- 
channel poles in effective held theory, we also hnd out some new contact interaction and 
singularities in the < C~^(lPA~^A^ > S-matrix and for the hrst time , we explore their all 
order a' couplings in ehective held theory as well0 


It is also worth reporting some sort of new singularities and new sort of Myers terms 
that appear in this particular picture of < C~^(lPA~^A^ > S-matrix where those new terms 
are actually the terms that carry momentum of RR in transverse direction and do involve 
terms inside the S-matrix elements. 

Note that these p.^ terms are derived by direct analysis of < C~^(lPA~^A^ >, due to 
non zero correlation function of RR held by the hrst term of scalar held’s vertex operator 

^ We may wonder whether it is possible to apply T-duality to < VcVaVaVa > S-matrix of [T3] to get 
to < VoVc/^VaVa > S-matrix. Indeed as it has been explored there are various terms in the S-matrix of 
< VcV^VaVa >, that carry momentum of RR in transverse direction that cannot be obtained by T-duality 
transformation in flat ten dimensions of space-time. In fact the appearance of RR makes things subtle or 
complicated as argued in [16] and m accordingly. 

^ There is the possibility that some of the terms derived in different pictures of the vertex operators, 
might be related via Bianchi identities of the bulk. This would imply that some of the contact interactions 
might be redundant but not all. In some of the specific examples , some of the assumed contact terms 
seems to be reproduced by a specific combination of pull-back and Taylor expansion of the CS terms. One 
might use some of the new terms to eliminate either the pull-back or the Taylor expansion. Nevertheless, 
we believe that not all the new couplings are redundant. 


2 



in zero picture, that is , all < > terms are indeed non-zero. Therefore since 

scalar held’s polarization is in the bulk , one expects to be concerned about all p.^ terms 
and terms whose momenta of RR are carried in transverse directions. It is worth 

pointing out the following fact as follows. Recently, it is shown in [18] that , if one does not 
know all the Bianchi identities of RR in the bulk, then certainly there will be no chance to 
explore all the bulk singularities of non-BPS branes. 

We perform full comparisons at each order of a' for all contact interactions as well, and 
that leads to hnding out new couplings that can be derived by just S-matrix analysis not 
by any other tools to our knowledge. 

The profound relation of open-closed string plays the crucial role in matching out all 
the singularities of string theory with EFT, as it has been shown that all order a' higher 
derivative corrections to SYM couplings produce all massless poles at (t-|-s+M)-channel poles 
through an RR coupling with various BPS open strings. It has also been emphasised that, 
this phenomenon could have played the major role for hnding the universality conjecture 
on a' corrections of string theory |19] . 

We carry out the same analysis (this time for an RR, two scalars and a gauge held) 
in type IIA and IIB super string theory for both < > and < > 

S-matrices where we seem to hnd out the same t, s,u, (t + s + wj-singularity structures 
in the presence of an RR, even number of scalar helds. However, we claim that various 
new contact interactions appear in the S-matrix by considering both scalar helds in zero 
picture. Indeed we derive these new couplings, show that these couplings can just be 
discovered from < C~^A~^(j)^(j)^ > S-matrix and explore their all order a' corrections in 
ehective held theory side. Finally we conclude by mentioning various remarks about these 
S-matrices in the conclusion section. 

2 Type II Super string Computations with all order 
a' D-brane couplings 

In this section we would like to carry out the Conformal Field Theory (CFT) technique to 
be able to explore not only all the singularities but also all the inhnite contact interactions 
of the mixture of a closed string RR (in its symmetric picture) and various BPS open string 
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fields. Indeed our calculation makes sense at the level of a world-sheet hve point mixed 
closed-open string amplitude which must be done on the upper half-complex plane. We find 
the entire S-matrix elements which hold on both world-volume and transverse component 
of D-branes. 

One might be interested in seeing various efforts that have been performed on both BPS 
and non-BPS amplitudes [201 EH l22] . 

In order to find out the effective action of string theory one needs to deal with or calculate 
the scattering amplitudes and naturally the first step to do so, is to fix a particular picture 
of the vertices. Namely, the sum of the superghost charges must have been (-2) for disk 
amplitudes. 


In our notations we use /i, z/ = 0,1,..., 9 for the whole spacetime, while a,b,c = 0,1, ...,p 
for world volume space and i,j = p -|- 1,...,9 for transverse directions. Here we would 
like to insist on the calculations in the presence of symmetric picture of RR but for the 
completeness we point out all the different vertex operators in various pictures as follows: 



vr 


(</) 



1 -^ -i'l 


ia(dX^{x) + 




To our knowledge the vertex of RR in asymmetric picture has been first shown by an 
interesting paper on open string theory [23] and then it was argued with some more details 
in [231 where the following kinematic relations are also considered 


k'^ = = 0 q.^ = 0 , 

We also apply Doubling trick to make use of holomorphic components of world sheet helds 
as well, that is, 

X^{z) ^ D>:;X\-z) , r{z) ^ D>^,r{.z) , m ^ , and ~S^{z) ^ MjSy{z), 
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where 


D = 


I9—p 
0 



and Mp 


_ 0 _Yi^a 2 _ _ _ for p even 

_ _ _ 7“p+i7iieai...ap+i forpodd 


Although all the details of spinor part have been verified in [14], we just clarify the 
definitions of projector and RR’s field strength as follows 


= ,P_ = i(l-7“) (2) 

and 

where for IIA and IIB we use n = 2,4:,an = i and n = 1, 3, a„ = 1 appropriately. 

Here we just work out with the holomorphic parts of correlations but the interested 
reader can easily find out all the tricks in the Appendix part of na as well. 

2.1 All order a' S-matrix element of < C-^(f)^A-^A^ > 

The complete form of the S-matrix element of a closed string RR (in its symmetric picture) 
n-form field strength and a transverse scalar field in zero picture and two world volume 
gauge helds < > can be found by the following correlation functions 

^ J dxidx2dx3dzdz {VP{xi)v\~^\x2)vP{x3)V^~^^~^\z,A), (3) 

We just look for a special ordering. Setting the Wick theorem, the amplitude is written 
down as follows 

A<C A°A ^A°> ^ J dXidX2dX'idXidx^{P_If(^ri)MpY^iiA2a^'ibXi^^^{x2AX2r>)~^^'^ 

x(/i + /2 + /3 + /4)Tr(AiA2A3), (4) 

where Xij = x* — x^, X 4 = z, x^ = z and 

x<: S'„(x4) : SAxb) ■ i’°‘{x 2 ) :>, 
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<■ ■ q°‘'^^ 2 -X{x 2 ) . ^a'ik 3 .X{x 3 ) . ^i^p.X{x4) . ^i^p.D.X{x 5 ) 

x<: S'„(a; 4 ) : S'^(x 5 ) :: i>‘'{x 2 ) : >, 

^a'iki.X(xi) . ^a'ik2.X{x2) . ‘ ‘ ■> 

x<: S'„(a:4) : S'^(a:5) : a'iki.'ip'ip^Xi) : ij°'{x2) :>, 

gQ:'ifei.X(a;i) . ^a'ik 2 .X{x 2 ) . ^a'iks.X^xs) . ^i^p.X{x4) . ^i^p.D.X{xs) 

x<: Saixi) : Sjs^x^) : a'iky'tp'tp^Xi) :: ip°‘{x 2 ) : a'ik^-'ip'ip’^^x^) :>. (5) 

We actually use the standard propagators , as follows 

{X>^iz)X^iw)) = -^r/^nog(z-u;) , 

fy^ 

mz)r{w)) = --r^>^^{z-w)-\ 

{(j){z)(j){w)) = -\og{z-w) ( 6 ) 

We also need to take into account the Wick’s theorem to be able to investigate all the 
bosonic correlators. To see further details , the section 3 of [25] is strongly suggested. 

Let us just address the most complicated fermionic correlation function of two spin 
operators/ two different currents and a fermion held , where all the possible contractions 
have to be considered. 

Once again we use x^ = z, x^ = z . Note that unlike the open string correlator where 
integration is on the real line X 4 , X 5 are integrated on the upper half plane. It is only for 
the purposes of the Wick contractions that we can forget the complex conjugation of one 
variable to another, in order to simplify things. 


I 2 = 

h = 

h = 


jbcaid ^ . Spix^) : '0V(a^i) :: : i’^'i/j^xs) > 

= I (r“c--)„, + 

I 2:12X45 Xi3a:45 X23X45 

X13X45 X23X45 J 

so that 

r2 = + 
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1-3 = (->?“(r“c-‘)„j + r,“''(r“''c-‘)„A 
n = ((rj'V - ( 8 ) 


Replacing the above correlators and performing some simple algebraic compntations, one 
can fnrther simplify the amplitnde and write it down in a closed form as follows 


^<C 10 “^ ^ J (ixidX2dx^dxdX5{,P-I^{n)MpY^Iiiii2ai‘ibXil^'^{x2iX2^) 

X fc(aia^) + aia^“ + a\at - (A1A2A3), 


(9) 


where 


al = 

VX 14 X 15 / 


dn — 


a^“ = 


a. = 


ik’l 


X 14 X 15 , 
/ Xi4 


+ 


Xl 5 \ 


3^132^34 XS5X13 


) 


+ ik. 


^ X24 X25 A 


Re[x242:35] 1 


\X34a;23 X 33 X 23 J 

(+ i-aY'^i'y^C-Xf, + aY\'y'^C-Xf,y- . 

I 3 : 232:45 J 

X (x343:35 ) ( 2 : 243 : 25 ) 

a'*A:i,2-3/244(a:242:25)-'/'(2:i42:i5)-'( + «V"(yC'-i) 


i?e[xi4X25] 1 

'-(’ 

2:122:45 > 


/“ = <: Sa{x 4 ) : Sf}{x 5 ) : ' 0 “( 2 : 2 ) :>= 2 ^^^xJ^'^{x24X25) ^af}- 


Now one could use the SL(2,R) invariance of the S-matrix and to remove the Vckg we 
do gauge hxing over the position of open strings at zero, one and inhnity. By doing gauge 
hxing as (xi = 0 , 0:2 = 1 , 2:3 = 00) , one needs to address the following integration on the 
upper half plane over the position of RR 

J d^l - zy\z\\z - zYiz + z)^ 

where a, b, c are the combinations of the following Mandelstam variables 


—a 


—a 


s = 


{ki + ks) , t — (ki + k2) 


u = —^[k2 + ks 


and the results of the integrations for d = 0,1 and d = 2 were obtained accordingly in 
[26] and [H] . 
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Therefore, the hnal form of the S-matrix in this particular picture to all orders in a' is 
obtained as follows 

^<c rp A A > _ (10) 


where 


A-i ~ 
A 2 ~ 
A 5 ~ 
A 4 ~ 




hckid^r (p_^(n)Mpr 


bcaid\ 


+ /c3cP*Tr (P_^(„)Mpr 


6 ca\ 


4(-f 


u)L 


1) 


2-i/2Tr (P_^(„)Mpr“")en6afcw{ - 2hUy^t) + 2fc2.e3(st)}T2 

2 ^/^Tr (P_^(„)Mp7*)^ij|^3.^ 2 ( 2 ^ 5 ) + 2 ki.^s{2ks.^2)t — 4:uki.^2{ki-^3) + Ask2.^3ki.^2^Li 


-2-i/2^sf)L2|6fe6*6aTr (P_^(„)Mpr'“> + 2k3.^2kM^u^3bTT (P_^(„)Mpr“) 


-Tr (P_^(„)il/4r“'')fcirffc3cen(26-6)} 

^3- 2-^/^^3,k3c[ - 2fci.6e36Tr (P_|r(„)Mpr'“)(Ms) + 2kU3^2aTr (P_^(„)Mpr“0(wt)}^2 

A ~ 2-i/2(st)p*^,.|2fc3.6Tr (P_^(„)Mp7')e36 - 2e3.6Tr (P_^(„)Mp7'^)fc3e}T2 

^7 ~ 2-i/VenTr (P_^(„)Mp7“)e2a{2fci.e3(Mf) -2e3p2(sf)|T2 (11) 

where the functions Li,L 2 , are 


^ .^.- 2 (t+.+n)-i r(-M + |)r(-g + i)r(-t + i)r(-t -s-u) 
^ r(—M — t + i)r(—t — s + i)r(—s — « + 1 ) 

^ . ._ 2 (t+.+n) r(-M)r(-5)r(-t)r(-t -s-u + ^) 

^ ^ ’ r(-M-t + i)r(-f-s + i)r(-s-M + i)’ 


( 12 ) 


As we have expected by interchanging ^ 2 a —t /c 2 a and also ^ 3 b —>■ k 3 b, the whole S-matrix 
vanishes, which means that the amplitude does satisfy all the associated Ward identities and 
the amplitude is non zero for various p, n cases. Notice also we are dealing with all massless 
BPS strings so the expansion is low energy expansion. This S-matrix does have all t, s, u 
and particularly (t -|- s -|- m) channel poles and in particular it has some extra singularities 
that are precisely carrying momentum of RR in the bulk direction where we will show that 
these terms cannot be derived in the other picture (< C~^cl)~^A^A^ >) S-matrix and we 
argue about them in the next section. 

More signihcantly, in < C~^(l)^A~^A^ > S-matrix we discover the new form of contact 
interactions to all orders in a' that cannot be found in the other picture. For the precise 






definitions of the expansions and more kinematical definitions and identities, one needs to 
look at [I61[I3]. 


Note that by sending t,s,u ^ 0 , one finds the expansion of the functions Li,utL 2 as 
follows 


Li = -2 ^ c„(s + f+ «)"'-! 


E °° r I 

n,m=0^n,m[^ -p a t J 


\n=0 


(f + S + m) 


+ X] /p,n,m(s + t + m)^[(s + 

p,72,m=0 


CX) -I 

UtL2 = ^ hn-{u + tY^'^+ ep^n,mS^{tuY{t + uY 

^ p,n,m=0 


n=—1 

with the following coefficients 


(13) 


6-1 = 1 , 6o = 0 , bi = Y, h = 2 C( 3 ),C|, = O.Ci = 

0 0 

1 19 

62,0,0 = 6o,i,o = 2 C( 3 ),ei o,o = 610,2 = —7r"^5 6i o,i = 60,0,2 = 6 C( 3 ), 

D dU 

1 2 19 4 19 4 1 4 

60,0,1 — , 63 0,0 — ) 60,0,3 — 62,0,1 — , Cl 1 0 — 60,1,1 — —vr , 

6 odU 9U dU 

N 1 2 4 1 4 

62 — — 2 C( 3 ), Ci,i — —, Co,0 — 2’*^3,1 — Cl,3 — —TT ,C2,2 — “VT , 

TT^ 

Cl,0 = Co,l = 0 , C3,o = Co,3 = 0 , C2,o = Co,2 = —, Ci,2 = 62,1 = — 4 ^( 3 ), 


TT 


/o,l ,0 — “ 5 “) /o, 2,0 — “/l,l ,0 — ~6C(3),/o,o,l — —2C(3),C4 ,o — Co,4 — 


15 


-TT 


(14) 


Meanwhile the result of the S-matrix in different picture of scalar held, that is, 
< C~^> S-matrix was derived in [16] to be as follows 




jdxidx2dx2.dzdz {V^ ^\xi)vY{x2)vY^\z,z)), 


A<C A ^ + ^2 + ^3 + A + A 


(15) 
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where 


~ -2-i/2^i,e2a6fe[fc3dA:2cTr(P_^(„)Mpr“““)j4(-t-s-M)L^ 

A 2 ~ 2-i/2Tr(P_^(„)Mpr“)eHe3bA;3d{2A;i.6(Ms)-2fc3.e2(st)}L2 
^3 -2-'/2Tr (P-^(n)Mpr^^%Sak2J - 2k2Mst) + 2h.U'^t) \L2 


(16) 


A 4 ~ -2-i/2^st)L2|6fe6*6aTr (P_^(„)Mpr'“> + 2k2.ak3dii&aTr (P_|f(„)Mpr''“) 

+ 2 fc 3 .e 2 fc 2 ceHe 36 Tr (P_^(„)Mpr'“) - Tr (P_^(„)Mpr''“)fc 3 dfc 2 ceH( 2 e 2 .e 3 ) 

^5 ~ 2 (P_^(„)Mp7*),^ij|,^3.,^ 2 ( 2 ^ 5 ) + 2ki.^3{2k3.^2)t — 4:uki.^2iki-^3) + 4s/c2.'C3^i-'C2 [■-hi 

Let us first compare the results of the same S-matrix in different pictures and then start 
producing all the singularity structures as well as new contact interactions. 
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Comparison on Singularity Structures of < > 

with < > 


First of all note that both ^ 5 ’s in two different pictures are exactly matched. The first 
term ^3 of < > is exactly the first term A 2 of < C~^(j)~^A^A^ >. Now if we 

add the 2nd term A 2 of < C~^(l)~^A^A^ > with the 3rd term A 4 of < A^A^ > and 

apply momentum conservation along the world volume of brane we get 


- 2-V25tL2(2fc3.e2)ene36Tr (P_^(„)Mpr'“)(-A;i, - pj 


Now if we use the identity that has been found in [5], that is, 


p^e'^0-a„-2bc ^ g (-^7^ 

then we get to know the fact that the first term of above equation precisely produces the 
2 nd term A 4 of < C~^ 4 ’^A~^A^ >. 

One can see the derivation of (1T7|) in various equations of [5]. For example, it is shown 
in equation (9) of [5] that, in order to get to the same result of three point function of one 
RR and a scalar held in both < > and < C~‘^(p^ > S-matrix , the equation (9) of 
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[5] or (fT7|) must hold. Another example to prove that (ITTD holds is as follows. It is shown 
in section five of [5] that, to get to the same result of four point function of < > 

and < > S-matrix , the equation flTTl) must hold ( see the footnote of 19 in page 

14 of 0 ). It has also been discovered that the amplitude of < C > satishes 

Ward identity associated to the gauge field if and only if the above identity flTTll holds. 

Likewise if we add the 1st term ^3 with the 2nd term A 4 , of < C~^(j)~^A^A^ > and also 
apply momentum conservation we hnd the following elements 

- 2-^/htL2{2k2.i^)iui2a^^ + Pc) 

Once more one needs to apply the equation = q gQ gj-g^^ term of above 

precisely produces the 2 nd term A 2 of < C~^(l)^A~^A^ >. 

Simultaneously if we add the hrst term A 2 with the 2nd term ^3 of < C~^(jPA~^A^ > 
with keeping in mind momentum conservation and p^^°-o---ap- 2 ac _ then precisely 

produce the 2 nd term ^3 of < >. 

Finally the last term A 4 , of < > is exactly equivalent with the last term 

A of < >0 

Therefore the upshot is that we can precisely produce all the singularities of < > 

by < > S-matrix (as we will show later on), however, we have also some extra 

contact interactions and other singularities of < C~^(jPA~^A^ > S-matrix (in the zero pic¬ 
ture of scalar held in the presence of a symmetric RR) that are absent in < C~^(l)~^A^A^ > 
S-matrix and we will argue about them in a moment. 

In fact from the direct calculations we observe the facts that at pole levels the whole A 
and Aj of < > S-matrix are extra terms that cannot be derived from direct 

computations of < C~^(j)~^A^A^ > S-matrix. 

Moreover, the 2nd contact interaction Ai of < > is also extra term that 

cannot be derived from direct computations of < C~^(l)~^A^A^ > S-matrix on upper half 
plane, as we further elaborate on this coupling in the other section. Let us hrst produce 
the diherent singularity structures. 

We do have massless scalar poles in t,s and (f-|-s-|--u) channels as well as u channel gauge 
^ Notice to momentum conservation and p^^°-o - a.p- 2 ac _ q_ 
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field poles. Here we just produce the s-channel scalar poles and finally by interchanging 
2 -H- 3 and exchanging the respected momenta and polarisations we can produce t- channel 
poles as well. If we replace the desired expansion of utL 2 , we then obtain all s-channel 
poles of string amplitude as follows (normalization constant is (27r)^/^mp) 

E -t„(« + <)"+'(2ii.6)Tr(A,A2As) (18) 

P- n=-l 

In order to produce all these massless s-channel scalars , one has to consider a field theory 
sub amplitude as 

A = (19) 

where by taking into account the kinetic term of scalar fields obtains 

the following vertex as well as scalar propagator 


H/(0,H3,0i) = -2*A:i.e3(2W)2TpeiTr(A3AiA^) 

(G*)% = 


( 20 ) 


{2'ira')'^TpS 

Now we need to consider the mixed Chern-Simons coupling and the so called Taylor 
expended of scalar held as follows 

Si = ( 21 ) 

to actually derive the following vertex operator of an RR, an on-shell gauge held and an 
oh-shell scalar held as 

Vi(Cyi,A,„4>) = ( 22 ) 


where ( 0 , H 3 , 0 i) is derived from the kinetic term of the scalar held and in particular it 
has no correction , hence to be able to produce all s-channel poles we need to propose the 
higher derivative corrections to fl 2 T]) as follows 


n 1 

n=-l '' IP tj! 

xdiCp.i A (23) 
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Having taken (1^ . we were able to derive all order vertex operator of (l2^ as 




i{27ra')‘^fip 

(pV- ' 


E b^{a'k2.kr+\24) 


n=—l 


Now if we replace flM|) and fl20|) inside flT^ , then one is able to precisely regenerate all 
order s-channel singularities of string amplitude flT8|) in the effective held theory as well. 

All the u-channel gauge held poles of the string amplitude are given as 

-1 OO 

E Us + tr^\2kU2^sb - + 2i^.i2k2b){2b) 

\Pr-U 


Note that these u-channel gauge held poles can be reconstructed in the ehective held 
theory by the following held theory sub amplitude 




V:(C,-u'Pi,A)Gif{A)Vl{A,A^,A,), 


(26) 


where the vertices are 

V^{A,A,,As) = 

gU^) = 


0271a'flip 


E K{t + sY+\ 


{p)\ 

-iTp{ 2 'Ka'fAi (A2A3A/3) 
(27ia'YTpU ’ 


n=—l 


2h.i3ii - 2kU2it + iUtih - ktf 


(27) 


where all order corrections to lA^(C'p_i, 01, A) have been derived from fl2^ . By replacing 
these vertices into the held theory amplitude (l26l) . one exactly produces all u-channel gauge 
held poles that appeared in fl2^ . 


For the completeness we just produce all the {s + t + u)- channel singularities of the 
S-matrix in the held theory as well. To do so, hrst we replace the part of the expansion of 
Li (which has poles) inside A 5 so that one gets all the poles in string amplitude as 


OO 


^ao---apt 

W^TTTETr(AiA2A3) E + s^n 

[p + iy.{s +1 + u) 


2 st^ 2-^3 + Atki.^^k^.^2 + 4 s / ci .^ 2 / s 2-6 - Oxk1.i2k1.i3 


(28) 
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In order to produce these poles , one has to consider the following sub amplitude in held 
theory side 

(29) 

where the scalar propagator can be found by taking the kinetic term of scalar helds 
( ^ D^(j)^Da4>i) and the vertex of V^(Cp+i, (p) is obtained by taking the following effective 
action through Taylor expansion of scalar held 

(2,ra')vp/TV (.).•) S,C<jy> 

SO that 


“ Tp{2TTa'yk^ ~ Tp{2TTa'y{t + s + u)' 

= *(27ra')f,j-^(E”)--'‘»//;.,„„_TV(A„). (30) 

To be able to produce all scalar massless poles of the string amplitude to all orders 
in a', one needs to know all order vertex operator of two scalar two gauge held couplings 
A 2 , As). This vertex operator can be found by employing all order a' SYM cou¬ 
plings [IB] as follows 


(2 


TTCK 


,04 


T 

27r2 ^ 


) 


00 

E 

m,n =0 


+ c 


nm 

2 


I nnm\ 


(31) 


cr = -Tr (^an,mVnmWD^ct),F^^F,,] + bn,mV’^jDa<P^F^'^D'’^,Ftc] + k.C. ) , 
cr = -Tr ( ar,,mVnm[DaCi>^D^,F,,F^^] + + Fc. ) , 

CT = ^Tr ^an,mVnm[DaCt>^D‘^(t>,F^^F^,] + bn,mV'^m[Da<P^Fk,D’^<P,F’’^] + h.c) , 

where the following dehnitions for all higher derivative operators have been considered [13] 

Vnm{EFGH) = Dh,--- ■ • ■ Da^EFD^^ ■ ■ ■ 

V'^^{EFGH) = Db,--- Db^Da, ■ ■ ■ Da^ED^^ ■ ■ ■ D^-FGD^^ ■ ■ ■ D^^H. 

Since the oh-shell scalar held is abelin, one needs to consider just two permutations of 
Tr (A 1 A/ 3 A 2 A 3 ), Tr (A/ 3 A 1 A 2 A 3 ) to be able to derive all order vertex of V^(0, 0i, ^ 42 , As) from 
the above corrections (j3T|) as below 
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^/3 (0) 01) ^2, ^ 3 ) 


+ &n,m) ( (fc3-A;i)”*(fcrA;2)" + {h-kr{k 2 -kr 

+{ki-ksnk,-k2r + {k-k,nk-k2ry m 


with the following dehnition for /§ 


h = ( 2 W)%Tr(AiA 2 A 3 A; 3 ) 


st 


^2-^3 + tki.^‘ik'i.^2 + ski.^2k2-^3 ~ uki.^2kl-i3 


where k is off-shell scalar held’s momentum, and some of the coefficients an,m and bn,m 
( bn,m is symmetric [13] ) are 

TT^ TT^ 

Oo,o = ~~pr, boo = — — , 0 - 1,0 = 2C(3), 09,1 = 0, 60,1 = —C(3))®i,i = ®o ,2 = —Ttt^/QO, 
b 12 

02,2 = (-837r® - 7560C(3)2)/945,62,2 = -(237r® - 15120C(3)2)/1890, 01,3 = -627rV945, 
02,0 = —47r'^/90, &i,i = —TT^/ISO, 60,2 = —7r'^/45, 00,4 = —3l7r®/945, 04,0 = — 167 r®/ 945 , 
01,2 = 02,1 = 8C(5) + 47 r 2 C( 3 )/ 3 , 00,3 = 0, 03,0 = 8C(5), 61,3 = -(127r® - 7560C(3)2)/1890, 
03,1 = (-5271® - 7560C(3)2)/945,6o,3 = -4C(5), 61,2 = -8C(5) + 27r2C(3)/3, 

60,4 = -167rVl890. (33) 


They are computed in [13]. Now if we use momentum conservation , we get k^-k = 
k 2 -ki — (A ;^)/2 and k 2 -k = ki.k^ — {k‘^)/2, whereas k"^ in fl52]) is cancelled with the in 
the denominator of the propagator. Since we just want to produce singularities , we are 
ignoring those contact terms and considering (l3^ and fl30|) inside fl29|) , one explores the 
sub amplitude in held theory as follows 


(^ao-'-o-pC jji 

16vr/i,-——Pf^Tr (A 1 A 2 A 3 ) 

{p + ly.{s +1 + u) 


00 

E 

n,m =0 


:an,m + bn,m)[s^r + S^n 


2st^2-^3 + 4tA;i.^3/C3.^2 + 4 s/Ci.^2^2-^3 — 4m/Ci.^2^1-^3 


(34) 


Now we show that all the poles in held theory of fl3T|) can be matched with string 
amplitude poles that appeared in fl28|) . After omitting the common factors of both string 
and held theory we compare string amplitude with sub amplitude in held theory for various 
cases of n, m. For n = m = 0, the amplitude fl5T|) does carry the following factor 

— 4(ao,o + &o,o) — “4(——h —p^) — vr 

b 12 
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where the corresponding term for the string amplitnde carries (27r^co,o) which is exactly 
equivalent to the factor of in field theory sub amplitude. At a' order, fIMll carries the 
following coefficient 


~ (®1,0 + ®0,1 + ^1,0 + ^0,l)('S + t) — 0 

where the corresponding term for the string amplitude is now proportional to 7r^(ci^o + 
co,i)(s + t) which is zero as appeared in the field theory sub amplitude. At (a')^ order, fIMl) 
has the following numerical factor 

~4(ai^i + — 2(ao,2 + ^ 2,0 + ^ 0,2 + &2,o)[s^ + 

where the corresponding term for the string amplitude is now proportional to 7r^[ci^i(2st) + 
(c 2 ,o + Co, 2 )(s^ + ^^)]) which is exactly equivalent to the factor of field theory sub amplitude. 
The comparisons at orders of (a')^, {a')^ are also done in [16]. Hence, one can keep com¬ 
paring to all orders and show that indeed all singularities of (f -1- s -1- n) channels of string 
amplitude can be precisely reconstructed by the above held theory sub amplitudes. 

Before further analysis let us compare all order contact interactions on two different 
pictures , start hnding new coupling in the string theory effective action and also explore 
its all order a' corrections. 

4 Comparison on Contact interactions to all a' orders 

If we look at the whole S-matrix elements in two different pictures and apply momentum 
conservation to the 1st term Ai of < > we obtain the following elements 


- - 5 - u)L^^u^ 2 aiM-hd - k 2 d - Pd)Tr 

= ‘2^^"^li^2a^3bhc{k2d)TT (P_^(„)My(-t - S - u)L, 

which is exactly Ai of < >, where we have also used p^^°‘ 0 ---ap- 4 bcad _ 

moreover without any further attempts, one reveals that the hrst term A 4 of < C~^(lPA~^ A^ > 
is exactly the 1st term A^ of < (l)~^A^A^ >, however, in below we show that there is 

some other contact interaction that can just be found by < C~^(jPA~^A^ > S-matrix. 
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5 Other contact interaction to all orders in ol 


From the direct computations we observed the fact that at the level of contact interactions 
there is an extra contact term inside the S-matrix of < C~^(j)^A~^A^ > that has been 
overlooked from the direct calculations of < C~^(I)~^A^A^ > S-matrix. Indeed the 2nd 
contact interaction Ai of < C~^(j)^A~^A^ > is extra term that is not only needed into the 
entire amplitude but also cannot be derived from direct computations of < C~^(j)~^A^A^ > 
on upper half plane. 

Hence the following coupling is extra contact interaction to all orders in a' , which must 
have been appeared in S-matrix because it stands correctly on the held theory side to all 
orders as well. Thus let us hrst write it down 


47r'/Vpene2ae36 WTr - 5 - u)U (35) 

where we normalized the S-matrix by a coefhcient of (27r)^/^yU,p. 

Having taken the expansion of Li inside fl35p . we hrst produce the leading term of 
string amplitude by the EFT coupling, in fact it can be produced by mixing Chern-Simons 
coupling and Taylor expansion as follows 

^3 = Tr(aiC'(p_3) (36) 

Therefore one can explore the next order to the above coupling , which is Indeed all 
order a' corrections to the above coupling can be discovered by applying the proper higher 
derivative corrections on the above coupling and the coefficients can just be hxed by taking 
the elements in the expansion of Li , so that all order corrections to above couplings are 


{s + t + u)^+^H(j)AA 
{st)^H(j)AA 
{s + tYH(j)AA 
{s)^t^H(j)AA 


■ ■ ■ Da^Da, ■ ■ ■ Ad^^ ■ ■ ■ A, 


Note that in above couplings , inside the covariant derivative terms the connections 
or commutator terms do not appear and to get them, one needs to compute higher point 
amplitudes like < C(j)AAA >. 
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Therefore, we argue that for higher point function of string theory amplitudes, involving 
the mixed RR, a scalar and two gauge helds , there is a subtle issue as follows. 

Indeed to be able to get to all the corrected and all order contact interactions as well as 
singularities of the mixed string theory amplitudes, one should consider the scalar held in 
zero picture as it has just been clarihed in detail by the comparisons of < C~^(lPA~^A^ > 
with < C~^(j)~^A^A^ > S-matrix. 

It would be nice to generalize this idea to see what happens for the mixed amplitudes 
of closed string RR, two scalar helds and one gauge held which we carry it out in the next 
section. 

It would be even nicer if we could do it on asymmetric picture of RR ,that is, hnd out 
< C~‘^(I)^A^A^ > to actually generalize the rules and symmetries of string theory, where we 
leave it for the future works, although partial results for simpler systems, like for brane anti 
brane have already been announced in [5]. Let us now generate all the other singularity 
structures of < A~^A^ > in the ehective held theory. 

6 Other Singularities of < > 

Having produced some of the singularities and contact interactions, we are now ready to 
derive some other singularities of < C~^(jPA~"^A^ > S-matrix. These singularities do exist 
for this hve point world-sheet S-matrix which includes a symmetric RR, a scalar held in 
the zero picture and two gauge helds. In fact by direct calculations we have shown that 
besides having some other contact interactions, even at pole levels the whole Aq and Aj 
of < C-^(t)^A-^A^ > are also extra singularities that cannot be derived from the direct 
computations of < C~^(j)~^A^A^ > S-matrix. Let us write them down as follows 

Ay ~ 2-^/y^yAr(P-^(n)M,rX2a(2ky.^3)utL2 

Ae ~ 2-P‘^stL2p"^iiTT {P-Ifl(^n)MpA) - ‘2^3-^2hb - ‘2^3-k2^2b^ (37) 

First we try to produce all these new s-channel poles of Ay. By considering the desired 
expansion, one gets all new s-channel poles (note that normalization constant is (27r)^/^mp) 
of < C~^(lPA~^A^ > S-matrix as 

l27ro''')2 °° 1 

E -&n(w + t)"+'Tr (A 1 A 2 A 3 ) (38) 
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In order to produce all these new massless s-channel scalars , one has to apply the following 
field theory sub amplitude 

A = (39) 

where to follow the related vertices, the kinetic term of scalar fields ) D°'(j)^Da4>i has to 
be taken into account , so that we obtain 

y/(0,kl3,0i) = -2*fci.e3(2W)2TpeiTr(A3AiA^) (40) 

{2Tia'yTpS 

Now one needs to re-consider the mixed Chern-Simons coupling and Taylor expended 
of scalar held, where the extremely important point has to be pointed out as follows. 
This turn, we take integration by parts and employ the momentum of external gauge held 
directly to RR (p-1) form potential to be able to produce the necessary held strength of 
RR whereas the total derivative terms are indeed zero at inhnity, hence we hnd out the 
following ehective action 



St = (a,,.),') ( 41 ) 

Having set the above action, we obtain the following vertex in the ehective held theory 

V‘{C,-uA 2 .<I>) = ( 42 ) 

Note that Vg (</>, ^43, 0i) was derived from the kinetic term of the scalar held and it has 
no correction , that is why to produce all the singularities we need to propose all the higher 
derivative corrections to the new action of fl41l) as follows 


OO 1 

^5 = E / dP+V-—— 

n=-l \P ■'■h 

now we are allowed to actually reveal all order vertex operator of l/^(Cp_i, H 2 , 0) as 


K;(Cr-i,4l2,^) = ■,^-.6..T1(A2A„) f; t„((+ «)"+■ (44) 

\P)- n=-l 
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Replacing fl44D and (l40D to (l39|) . we are then able to precisely regenerate all order new 
s-channel singularities fIMll in the held theory side too. Finally let us reconstruct all new 
u-channel singularities. 

Having replaced the desired expansion, we get all new u-channel poles (normalisation 
constant is (27r)^/^mp) of string amplitude as follows 


{2Tia'Y 

p\ 


°° 1 / \ 

^ -&n(s + t)"+'(^2A;3.6e36-2e3.6A;36-2e3.A;266j (45) 


All these u-channel gauge poles are also produced by considering the following sub 
amplitude in the held theory 


= V:(C,_i,,/>^,A)Gf^(A)V^\A,A2,A3) (46) 

Here we consider the mixed Chern-Simons coupling and Taylor expended of scalar held, 
and not only this time we take integration by parts but also we do apply the momentum 
of external gauge held directly to RR potential to be able to produce the necessary held 
strength of RR, keeping in mind the above remarks, we obtain the following vertex 

where V|(A, ^ 2 ,^ 3 ) has no correction , so the only way of obtaining all the poles is to 
actually impose all inhnite higher derivative corrections to the mixed Chern-Simons Taylor 
expansion of scalar held, so that now we can derive the generalization of above vertex to 
all orders as 


C(Cp_i,0i,A) = p 


ii2Tia'Ypp 

{p)\ 


\ QiQ '' ‘Clp — 1 fl- 


hfao-ap_i6iTr (AiAa) ^ bnit + s) 


n+l 


(48) 


n=—l 


Now by taking into account fHHj) . the known Vg(A, A 2 , A 3 ) and gauge held propagator 
G“^(A) = ( 2 (^ 0 ^^^ u iiiside the sub amplitude (146|) we are then able to precisely reconstruct 
all order new u-channel singularities in the ehective held theory side as well. 


In the next section we further generalize our knowledge by dealing with the mixed RR 
scalars/ gauge held S-matrices to see what happens to the S-matrix in the presence of two 
scalar helds (in diherent pictures), a gauge held and a symmetric RR held strength. 
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6.1 All order S-matrix of < C > 

In this section we would like to see what is going on for the mixed higher point function of a 
symmetric RR, two transverse scalar helds (in two different pictures) and a gauge held. We 
do the whole details to get to the entire S-matrix to all orders in a' so the < > 

S-matrix is shown by 


.A 




dxidx2dx‘idzdz {V^\xi)V^ ^\z,z)), ( 49 ) 


d-i) 


( 0 ), 


(-1 -i) 

2 ’ 2 n 


Further simplihcation can be done to get to the closed form of S-matrix as follows 


^<C V°> _ J dxidx2dxsdx4dx5 {P-lfi(n)MpA<^^ia^2A3jxJ^'^{x24X25) 

X (li + I2 + I3 + l4)Tr (A1A2A3), (50) 

where Xij = Xi — Xj, X 4 = z^x^ = A, and also 

. ^a'ik2.X{x2) . Qj^j ik3.X{x3) . ^i^p.X{x4) . ^i^p.D.X{x5) 

x<: S'„(a;4) : S/six^) : 'tp\x 2 ) :>, 

: e"'**^2.x(x2) . ^a'ikz.x(xz) . ^i^p.x{x4) . ^i^p.D.x(xs) 

x<: S'„(a;4) : S/six^) :: ilj\x 2 ) : a'ihci’^'ipAxs) >, 

^a'iki.X{xi) . ^a>ik2.X{x2) . (Xs)I :> 

x<: S'„(X4) : SAxb) ■ a'iA;ifeV'V“(3^i) : ^*(2^:2) :>, 

^a'iki.X{xi) . ^a'ik2.X{x2) . ^a'ik^.Xixs) . ^i^p.X{x4,) . ^i\p.D.X{xz) 

x<: S'a(a;4) : S^Xb) ■ a'f/cife?/’V“(a^i) : '0*(a^2) : Aiksd^'^i/jAxs) ■>■ (51) 

If we work with all possible contractions, then one hnds out the compact form of the 
following fermionic correlation function as follows 


jj^ciab ^ . S^Xb) ■ '0V“(a;i) :: A'’{x2) : > 

I xi3a;45 X23a:45 

3 ^ 132^45 X 23 X 4 ^ J 
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where 


r2 = 

rs = (hV(7“C^-')a/3-h“Y^(7^C^-')«/.) (53) 

Substituting the closed form of the correlators into the amplitude we now claim the dual 
answer for the S-matrix can be written down by 

^<c lyiV V°> ^ J dxidx2dxzdxidx^{P_Ifi{^a)MpY^Iiiai2ii‘ijXl^^'^{x2iX25)~^^‘^ 

X (/^(a?a^3) + + 0^30“ - (A 1 A 2 A 3 ), (54) 


where 


I 


a 


a 

1 


a 


j 

3 


ni 

ai 


a 


ia 

4 


P 

-'7 


\Xl2\ 


a Ki.K2 


Fisl 


'1X14X151 




ik^ 

ip’ 


Xa2 

.X 14 X 12 

X54 

3^34^35 


+ 


3^52 A 

2:i5a;i2/ 


+ f/Cg 


3^43 _|_ 3:53 \ 

2:143:13 2:15X13/ 


I (F“C'-1)„;3 + («V(7"C'-')„;3)^^^I^^ j 

I 2:232:45 J 

X a'ik'ic 2 ~^/'^x%'' (X34X35) (x 242 : 25 ) 

a'ikib2~'^/'^x%^ (2:242:25) (2:142:15) I (r“^C"^)„/ 31 , 

<: S'„(x4) : Sfi{x^) : '^*( 2 : 2 ) :>= 2“^/^X45^'''‘(x242:25)"^^^(7*C'"^)a/3. 


It now becomes clear that the S-matrix of (154)) is SL(2,R) invariant and after gauge 
hxing over the position of open strings one needs to come over the integrals on upper half 
complex plane on the location of RR. By evaluating those integrals one eventually writes 
down the complete form of the S-matrix to all orders as follows 

j^<c A 4> 4> > _ _|_ _|_ _|_ _|_ _|_ (55) 


where 


All ~ 2-i/2^3„e2*e3yTr(P_|r(„)Mp7*) 


2 k^{ut) + 2^2 (ms) 


L 2 
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A2 ~ 2 -i/ 2 fc 3 ,| _ 2k2.^,^2^^3J(us)L2Tr (P_^(„)MpF“) + 2k3.^,^2^^3J(nt)L2Tr (P_^(„)MpF“) 
+4t^2.ak3.^i-^iTr (P_^(„)Mp7'^) - 4s6.6fc2.6^iTr (P_^(„)Mp7^)| 

^3 ~ 2-^/^k3,^U2iaA-^ - s - (Tr (P-An)MA^')p^ - ATr 

A ~ 2-^/^(ut)L2^ - (FA(n)MprA - 2fc3.6A:i66A,Tr (P_^(„)MpF"')} 

A ~ 2^/^(st)L2^2.SAkibk3cTr(FA(n)MprA 

A ~ 2^/%-&(^tsTr (P_^(„)Mp7“)A + 2tk3.^iTr (F.An)^^^)^^! (56) 

where the functions Li, L 2 are given in ([12]). 

On the other hand if we actually consider both scalar fields in zero picture in the presence 
of a symmetric RR, then we get the whole S-matrix as 




J dxidx 2 dx 3 dzdz {vi ^\xi)vj'^\x 2 )vj°\x 3 )vliji^’ ^\z,z)), 


Having done all integrals, one could hnd the final answer ( for further details , look at 
0) for the entire S-matrix of a symmetric RR with both transverse scalars in zero picture 
and a gauge field as follows 


^<c A <f> <t> > _ _j_ _j_ _j_ _j_ _j_ _j_ _j_ _j_ _j_ (57) 


where 




-2-'/'6a6*e3, fc3cfc2Ar(P-^(n)MpF“'’“) - fcsfeP^Tr (P_^(„)MA*' 


iba\ 


-k3cP^Tr (P_^(„)MpF“) + pVTr 


4(—s — t — u)Li, 


A ~ 2-^/^l^-2^,A2ksA3J^2^^r{PA{n)MpTn]{us)L2 
A ~ 2-V2|^i„e2*e3,Tr(^-^(n)MpF“)}(-MA^2 
A ~ 2-^/^^^2k3.^lk2bA^2^^T{P_^^n)MpTA}{ut)L2 

A ~ 2-V2|2e3.e2«3AaTr(P_^(.)MpP'“)}(A^2 

A ~ 2i/2(«s)L2|p^ei-fc26*e3iTr(P_^(„)MA)} 
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( 58 ) 


Ar -2-V2(«t)L2|2fc3.eip'e3i6*Tr (P_^(„)Mp7^)| 

A ~ 2i/2^i|2A:2.eiA;3cTr(P_|f(„)Mp7'=)(-s6.6)}- 
A ~ 2V2Li|2fc3.eifc2feTr(P_|f(„)Mp7')(-te2.e3)} 

Ao ~ 2i/2^i|uTr(P_^MMp7“)(tse3.6)} 

where the functions Li, L 2 are already appeared in ffT^ . 

It is worth highlighting the point that, this S-matrix also satishes Ward identity, that 
is, by substituting .^la —t /cia, the entire amplitude vanishes and the amplitude holds for 
various p, n cases. Let us do the comparisons < > with < C~^A~^(lP(lP > S- 

matrix at both level of singularity structures and contact interactions, hnd out various new 
couplings and in particular hnd out their corrections and eventually get to the conclusion. 

7 Comparison on Singularity Structure of < > 

with < > 

In this section we are going to compare all the singularities of < C~^A^(l)~^(lP > with 

< C~^A~^(lP(lP > S-matrix. The hrst term of < C~^A^(l)~^(lP > is exactly equivalent to 
^10 of < C~^A~^ 4 P(j)^ >, likewise the last term A 2 of < C~^A^ 4 )~^ 4 P > is the same as As 
of < C~^A~^(fP(lP > S-matrix. 

Now if we add the second term Aq of < C~^A^(f)~^(f)‘^ > with the third term A 2 of 

< C~^A^(j)~^(j)^ > and make use of momentum conservation along the world volume of 
branes, we obtain 


2 ^/^L,{ 2 th.^,)^ 2 .^sTT (P_^(„)Mp 7 ')(-fc 2 b - Pb) 

Now by applying the following equation pj^^°-o-a.p-ib _ then realize the fact that 

the hrst term in above equation precisely produces the Ag term of < C~^A~^(j)^(j)^ >. 
Meanwhile A 5 of < C~^A^(j)~^(j)^ > can be written down as 

2 ^/\st)L 2 ^U 2 .^sk 3 cTT (P_^(„)Mpr“'')(-fc 3 b - k2b - Pb) 
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where the first term has no contribution to S-matrix. Because of the antisymmetric 
property of e and the fact that it is symmetric with respect to /cs so the result for the first 
term is zero. More evidently the third term in above equation has no contribution because 
p^^ao...ap- 3 cab _ g secoud term precisely produces A 5 of < >. 

The same so happens to the other terms, namely if we add the 2nd terms of A 2 and A 4 , 
of < > and apply the momentum conservation, then we are able to precisely 

produce A 4 of < > which is related to all s-channel poles. 

Indeed without any further details the first term A 2 of < C~^A^(j)~^(j)^ > is exactly A 2 
term of < C~^A~^(j)^(j)^ > so that all t-channel poles are then reproduced in both pictures. 
By considering the 2nd term Ai of < C~^A^(l)~^(l)^ > we are then able to generate Ae term 
of < >• 

Finally to be able to produce all the second kind of s-channel poles one has to subtract 
the hrst term of Ai of < C~^A^(j)~^(j)^ > from Aj term of < C~^A~^(^^(/)^ > such that upon 
considering the following identity 


we believe that the first term of Ai of < C~^A^(j)~^(j)^ > is exactly the same My term of 
< >• 

Henceforth, we could precisely produce all the singularities of this five point function 
in two different pictures. However, note that we have some extra contact interactions in 
< C~^A~^(j)^(j)^ > amplitude while they are absent in < C~^A^(j)~^(j)^ > S-matrix. These 
extra contact interactions are needed by symmetries of string theory amplitudes as we point 
out/hint them in a moment. 

For the completeness we first would like to produce all the singularities. This amplitude 
has u-channel gauge poles that can be read off from the string amplitude as follows 

fJ^p{‘27ra')^2k2ak3ap-i^2-^3 °‘^~^°‘HaQ...ap.^ilap-2 X] j {s + (59) 

where these u-channel poles should be produced by the following sub amplitude in the 
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effective field theory 


^ A,, A)G%{A)V^^{A,ct>,, (!>,), 

netic 

obtain the following vertices 


(60) 

Considering the kinetic terms of scalars iTp ^ Tr {D°‘(f)^Da(f)i) and gange helds we 


02, 03) 
G%{A) 


-i 

X^Tp fc2 ’ 


(61) 


The kinetic terms have no corrections so we need to apply all higher derivative correc¬ 
tions to Chern-Simons conplings as follows 


/ OO 

C^p.3^ADa,...a„FAD-°---F (62) 

n=-l 


Now if one considers Sq, then one is able to obtain the following vertex operator to all 
orders in a' as follows 


V:{Cp.s,A,,A) 


\2 

_A_tj^(Aa,o-ap.iafTT{p-2)\ ^ U 

(^p — 2 y.^ ^ Jao-"ap_3‘,lap_2'^i 

OO 

xTr(A,A„) 


(63) 


Replacing above vertices fl63|) and flMl) into fl60l) . we are then able to exactly produce 
all u-channel gauge poles in the field theory side. 

On the other hand, if we employ all order a' SYM couplings as appeared in (1^ . 
and also apply a following sub amplitude of held theory 


^ = R„“(C,_i,kl)G^^(kl)R^^(Adli,02,03) 

then we will be able to produce all (t -|- s -|- u) gauge held poles. Note that this task has 
been completely done in section four of [7] and in order to avoid rewriting the old contents 
of the paper, we refer the interested reader to that section four of [7]. 

Let us reconstruct all t-channel poles and hnally by interchanging 1 -H- 2 for all the 
momenta, the polarisations and t to s, we are able to produce all s-channel poles as well. 
All the t-channel poles of the string amplitude are given by 
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t{p + 1)! 


f; bnia'h.kr (64) 

^ n=-l 


These t-channel poles can be regenerated in the held theory side, and to do so one needs 
to take into account the following sub amplitude and vertices in the held theory as 


(65) 


^ = V^{C,^uh,<P)G%{<P)V^{<P,Auh) 

4^/(0, Ai, 02) = -2t{27ra')Xk2.^i^iTT{X,X,X^) 

“ {27ra'n, t 

Consider the Taylor expansion of the two scalar helds as 

= f c^p+V—e““-“^Tr djdiCjf+^J 

2 J (p+1)! V y J * “o-“p 

and then work out with pull-back and both mixing term involving Taylor and pull-back 
as follows 

J\2, 


Si = I dP+V--0^6« Up + 1) Tr {d„<S>‘ D„<S>i) C, 


{P+1)\ 

+2(p+l)Tr 

where one needs to also add the following Myers terms 


'((p+i) 

'ija 2 ---ap 


( 66 ) 


S, = j(2W)ypy'<i''+V-0—Tt (f.„.|4^4‘|)c 


0 + 1 ) 
ij 0,2' "CLp * 


1 

(p-1) 

with S'g and take all the integrations by parts to actually get to the following action 


( 67 ) 


Sio = 


(2710)') 


"hp 




a 


(p + 1)! 


00 -ap i)Tr ih, 


(p+2) 

%J CL'l ‘ ‘ ‘ tip 


Eventually in order to produce the hrst t-channel pole, one must consider the summation 
of the Taylor expansion and S'lo as follows 


Pp{ 2 'Ka'Y 

2(P+1)! 


^p+l^^ao-ap 


Tr 


3,ntUi + (P + l)Tr (b« 




tt{p+2) 

ijai---ap 


( 68 ) 
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From fl 68 |) we now look for the vertex of 03, 0) as follows 



However, to produce all the other t-channel poles, one needs to apply all order higher 
derivative corrections to fl 68 |) as below 



( 70 ) 


to indeed obtain the following vertex to all orders in a' as follows 



( 71 ) 


Now if we replace (17T|) inside (j65|) then we are exactly able to regenerate all order t-channel 


singularities in the field theory side as well. 

Note that all of the new couplings that we have discovered, can just be derived with 
scattering computations not by any duality transformation. Because the coefficients of 
these couplings can just be fixed without any ambiguity by S-matrix analysis. We now 
turn to contact interaction terms. 

8 Comparison on Contact interactions 

If we look at the precise computations of the S-matrices in two different pictures, we then 
realize the fact that the first term Ai of < C“^H° 0 “^ 0 ° > is exactly the term that has been 
shown up in ^3 of < C'“^H“^ 0 ° 0 ° >. 

As we can readily observe, we have just left with two contact terms in ^3 of < C'“^A°0“^0° 
while in Ai of < C“^A“^ 0 ° 0 ° > we do have four different terms, so let us keep comparing. 

Now if we apply the momentum conservation to the 2nd term ^3 of < C“^A°0“^0° > 
and apply the Bianchi equation that we have already got , that is, p^^'^o--ap- 3 cba _ g 
are able to precisely produce the first term Ai of < C'“^A“^ 0 ° 0 ° >. 











Eventually we apply momentum conservation to the only remaining term of < > 

which is its hrst ^3 term and do subtract it from the second and third terms Ai of 

< > such that upon holding the following equation, we are able to gener¬ 
ate the second and third term Ai of < >. 

= 0 

Once more p^^°-o-ap- 2 ab _ whereas up to a sign the third term of < > 

is also produced. 

However, note to the important point that there is no chance to actually produce even 
the leading order a' of the fourth contact interaction Ai of < C~^A~^(I)^(/)^ >. The reason 
is that, there is no left over term inside < C~^A^(j)~^(j)^ > S-matrix to be compared with 
that fourth term Ai of < C~^A~^(j)^(j)^ > S-matrix. Therefore, let us further elaborate on 
the needed contact interactions of this string amplitude. 

9 The needed contact interaction for < > 

As we have seen above, we were able to produce all the hrst three contact terms Ai of 

< C~^A~^(j)^(j)^ > to all orders, however, we have evidently observed that indeed there is 
no chance to produce the fourth term contact interaction Ai of < C~^A~^(f)^(f)^ > by direct 
computations of < C~^A^(j)~^(j)^ >. 

In fact we claim that this extra contact interaction must be appeared in the entire S- 
matrix as it plays the crucial role in all order a' contact interaction terms in both type IIA 
and IIB super string theory. Let us hrst write it down and then we try to construct its all 
order a' higher derivative couplings. 

Hence we hgure out the following term inside < C~^A~^(j)^(j)^ > S-matrix 

- (P_^(„)Mp 7 “)(-t - s - u)L, (72) 

is indeed needed. We normalized the S-matrix by a coefficient of (27r)^/^/ip and con¬ 
sidered the expansion of Li (with the aforementioned coefficients) given in flTdl) . Thus the 
hrst leading term of Li can be produced by Chern-Simons coupling and Taylor expanded 
of both scalar helds through closed string RR as follows 

^11 = Tr(a,P,C'(p_i) AF<I>'$^') (73) 
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Therefore one explores the next order term which is a'^ and indeed all order a' correc¬ 
tions to the above coupling with exact coefficients can be discovered by applying the proper 
higher derivative corrections. For example the (st)'^HAcjxj) and + contact terms 

of the S-matrix (inside the expansion of Li) can be shown to be matched to all orders by 
the following couplings 

+ = {aTHda,---da^AD^^ 

{st)^HA^^ = (a'f^Hda, ■ ■ ■ da^^AD^^ ■ ■ ■ 

Note that the first correction to the above coupling fl75D and the other new coupling in 
is of order. 

It is also worth keeping in mind the fact that by expanding the string amplitude of 
< >, we could also explore new couplings at leading order as follows. 

Let us write down the explicit form of the string amplitude, indeed if we extract the 
related trace, consider the expansion of stL 2 inside A 5 of < C~^A~^(j)^(j)^ > S-matrix, we 
then obtain the following elements of string amplitude 

16 

x( E ^n(-(t + sr+') + E ep,n,mUP{stnS + tr) (74) 

where we have already produced all the u-channel poles, now to obtain the new couplings 
, we need to focus on the second term in d74|) as 

16 °° 

\P p,n,m=0 

where (|75|) satisfies the Ward identity associated to the gauge held, which means that 
by replacing to kia, apply the momentum conservation and taking the following identity 
for RR 


the amplitude vanishes. Thus we understand that fl75l) has to be reconstructed by new 
coupling and the structure of this new coupling is shown by 
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( 76 ) 


J (i'+v Tr (Cp_3 A f A D.).' A D.).,) 

Sp +1 

Note that (j76ll is considered by the fact that it has to cover up the whole world volume 
space and more crucially it has to be antisymmetric with respect to interchanging the 
momenta of both scalar fields. We now apply ei,o,o = \ and eo,o,i = ^ fo fl75|) to be able 
to start constructing new couplings at order of 

Indeed if we replace ei,o,o = ^ d75|) and consider the above remarks, then one can 

show that, this term of S-matrix can be generated by the following new coupling as follows 


^12 = 


h£k)Vl /'rf.+ V—■■ 

12 J (p-3)!^ ^ 


a 


xC^S4-4Tr [Fa,_,a,_,{D^Da) 




(77) 


2 2 

Notice that, if we do the same for eo,o,i = namely if we replace eo,o,i = \ into 
fl75|) then one gets to know that, this particular term of S-matrix can be obtained by the 
following new coupling 


where these couplings are of a'^ order. 


D, 


bi 


A D(f)i 


(78) 


Hence the above couplings fl73l) . more crucially fl77|) and flTHl) are needed in order to 
consider the symmetries of the S-matrix with respect to interchanging of the scalar helds. 
We can also investigate the closed form of the corrections to all orders in a'. So to produce 
the whole fITSD . one applies the proper higher derivative corrections to fITBD so that the 
closed form of the string corrections can be found as follows 


^14 = 




p,n,7n=0 


271 

{D^DarD,,---D,, 


^p,n^m i ^ 


/\2n+m / ^ 


,/\ P 


— 1 Tr ( Cp-s A A 


^ai • ■ ■ Da^Dcf)^ A , 1 ■ ■ • Da^^Dcj), 


(79) 


Note that these new couplings of (177)) . (1751) and (1791) can not be derived by the standard 
effective field theory ways of Taylor, Myers terms nor by pull-back formalism. Indeed not 
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only the structure of the above new couplings but also their coefficients can just be explored 
by this S-matrix analysis. 

Note that there is no Ward identity for the amplitudes of scalar helds in the presence 
of RR, thus we argue that for two scalars and a gauge held in the presence of RR , there 
is a subtle issue. Indeed to be able to get to the corrected all order contact interactions of 
higher point functions of string theory amplitudes, one needs to consider both scalar helds 
in zero picture as we have clarihed in detail in the above S-matrix . 

It would be nice to generalize this conjecture to even number of scalars in the presence 
of a closed string RR or even it would be nicer to check it for the non-BPS amplitudes where 
the hrst non-trivial amplitude to be carried out is < > to be compared with 

< C~^T~^(lP(lP > S-matrix. It would be even more signihcant if we could carry out these 
S-matrices on asymmetric picture of RR (< C~‘^T^(jP(jP >). It is more crucial to actually 
deal with the higher point mixed RR- scalar held massless strings to actually generalize 
the rules and symmetries of string theory amplitudes. We hope to answer these higher 
point functions of string amplitudes and the other issues in future works. Although an 
interesting proposal for picture changing operator has been appeared in [27], however, we 
hnd it complicated to be applied to the real string amplitudes, nevertheless , it would be 
great to hnd the deep connections behind those topics as well. 

10 Conclusion 

In this paper, we have evaluated the hve point world-sheet string theory amplitudes of the 
mixed RR , scalar and gauge helds, namely we have carried out with entire details the whole 

< >, < C~^(j)~^A^A^ >, < C~^A^(j)~^(j)^ > and < C~^A~^(j)^4P > S-matrices. 
We have regenerated all t, s,u, {t + s + u)- channel poles in ehective held theory. We 

also found out new contact interactions as well as some new singularities that appear 
in< C~^(jPA~^A^ > S-matrix where those new terms were actually the terms that carry 
momentum of RR in transverse direction and involved terms inside the S-matrix el¬ 
ements. These p.^ terms are needed in the entire form of S-matrix , due to non zero 
correlation function of RR held by the hrst term of scalar held vertex operator in zero 
picture. Indeed all < > terms are non-zero so we have reconstructed the S- 

matrices such that by considering all the scalar helds in zero pictures in the presence of RR, 
we were able to produce all p.^ terms as well as terms ( inside the S-matrices) whose 
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momenta of RR are carried in transverse directions. By comparing < C~"^(jP> with 
< C~^(I)~^A^A^ > S-matrix we found a coupling inside the < C~^(lPA~^A^ > S-matrix as 
follows 


^3 = Tr(a,C'(p_3) AFAFd>0 

where this coupling can be explained by the effective held theory ways as , the mixed 
Chern-Simons and Taylor expansion of scalar held was needed. We then generalized its all 
order higher derivative corrections. We produced all the new singularities of this S-matrix 
in section six of this paper as well. 

We also compared < C~^A^(j)~^(j)^ > with < C~^A~^(j)^(j)^ > S-matrix for all order a' 
contact interactions as well as singularities in both transverse and world volume directions 
of the S-matrices and that leads to hnding out various new couplings in string theory 
ehective actions. First we found the following coupling 

and claimed that this coupling can be verihed just by < C~^A~^(j)^(j)^ > S-matrix where 
from held theory we employed the Taylor expansion of scalar helds and then we generalized 
its all order corrections. 

Basically, we claim that various new contact interactions appear in the S-matrix by 
considering both scalar helds in zero picture. Indeed we derived the following new couplings 


^12 = 


(27rcrOV,7r r 1 

12 2 


(p-3)! 


a 




dj) — p ''r dj) 'f "h 


as well as 


^13 = 


(27ra) /ipTT 


6 


J {a') Tr (Cp.^ A FA Db, A Dcf) 


These couplings are needed in order to consider the symmetries of the S-matrix with 
respect to interchanging of the scalar helds and their all order a' corrections generalized in 

(I79D. 
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Note that these two above couplings can not be derived by the standard effective held 
theory ways of Taylor, Myers terms nor by pull-back formalism. Indeed not only the 
structures of the above new couplings but also their coefficients can just be explored by 
< C~^A~^(jp> S-matrix analysis and not by any other tools. 

Note that there is no Ward identity for the amplitudes of scalar helds in the presence 
of RR, thus we argue that for two scalars and a gauge held in the presence of RR , there 
was a subtle issue. Indeed to be able to get to new couplings as well as the corrected 
all order contact interactions of higher point functions of string theory amplitudes, one 
needs to consider both scalar helds in zero picture as we have clarihed in detail in this 
paper. Eventually we have made use of Myers terms and the terms whose RR momenta 
are embedded in transverse directions, to be able to derive all the singularity structures of 
an RR, two scalars and a gauge held amplitude. 
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